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 D JDUFK Prgho ri Lq dwlrq dqg Lq dwlrq
Xqfhuwdlqw| zlwk Vlpxowdqhrxv Ihhgedfn
Vwloldqrv Irxqwdv/ Phqhodrv Ndudqdvrv dqg Pdulnd Ndudqdvvrx
Pd| 5333
Devwudfw
Zh h{dplqh wkh uhodwlrqvkls ehwzhhq lq dwlrq dqg lq dwlrq xqfhuwdlqw|
xvlqj d JDUFK prgho wkdw doorzv iru vlpxowdqhrxv ihhgedfn ehwzhhq wkh
frqglwlrqdo phdq dqg yduldqfh ri lq dwlrq1 Zh dovr ghulyh d qxpehu ri
wkhruhwlfdo hfrqrphwulf uhvxowv dqg looxvwudwh wkh uhohydqfh ri wkhvh uhvxowv
zlwk dq hpslulfdo h{dpsoh ri wkh XV prqwko| lq dwlrq surfhvv1 Rxu uhvxowv
vkrz wkdw wkhuh lv vwurqj hylghqfh lq idyrxu ri d srvlwlyh el0gluhfwlrqdo
uhodwlrqvkls ehwzhhq lq dwlrq dqg lq dwlrq xqfhuwdlqw| lq djuhhphqw zlwk
wkh suhglfwlrqv ri hfrqrplf wkhru|1
Nh|zrugv=lq dwlrq/ lq dwlrq xqfhuwdlqw|/ JDUFK0P
MHO Fodvvl￿fdwlrq= F5/41 Lqwurgxfwlrq
Wkh uhodwlrqvkls ehwzhhq wkh lq dwlrq udwh dqg lq dwlrq xqfhuwdlqw| kdv ehhq wkh
vxemhfw ri frqvlghudeoh uhvhdufk lq wkhruhwlfdo dqg hpslulfdo pdfurhfrqrplfv vlqfh
wkh sxeolfdwlrq ri Plowrq Iulhgpdq*v +4<::, Qreho ohfwxuh1 Iulhgpdq +4<::, dqdo0
|vhg wkh fdxvdo hhfw ri lq dwlrq rq lq dwlrq xqfhuwdlqw| dqg rxwsxw jurzwk zkloh
vxevhtxhqw wkhruhwlfdo uhvhdufk orrnhg dovr dw wkh rssrvlwh gluhfwlrq ri fdxvdolw|/
uxqqlqj iurp lq dwlrq xqfhuwdlqw| wr wkh udwh ri lq dwlrq1 Ghvslwh wkh frqvlghu0
deoh yroxph ri sulpdulo| hpslulfdo uhvhdufk rq wkh uhodwlrqvkls ehwzhhq lq dwlrq
dqg lq dwlrq xqfhuwdlqw|/ wkh hpslulfdo olwhudwxuh wr gdwh kdv vxssolhg vfdqw hyl0
ghqfh lq vxssruw ri wkh elgluhfwlrqdo fdxvdolw| ehwzhhq wkh wzr yduldeohv ri lqwhuhvw
wkdw lv lpsolhg e| wkh wkhru|1 Wr wklv hqg/ uvw/ zh sxusruw wr surylgh d qxp0
ehu ri wkhruhwlfdo hfrqrphwulf uhvxowv iurp d jhqhudo g|qdplf prgho ri lq dwlrq
zlwk vlpxowdqhrxv ihhgedfn ehwzhhq wkh frqglwlrqdo phdq dqg yduldqfh zklfk
qhvwv pdq| wkhruhwlfdo dqg hpslulfdo JDUFK prghov ri lq dwlrq1 Wkhq/ zh lo0
oxvwudwh wkh uhohydqfh ri rxu wkhruhwlfdo uhvxowv zlwk dq hpslulfdo h{dpsoh ri wkh
XV prqwko| lq dwlrq surfhvv dqg/ wkhuhiruh/ zh frqwulexwh dovr wr wkh lq dwlrq0
lq dwlrq xqfhuwdlqw| hpslulfdo olwhudwxuh1
Iulhgpdq +4<::, dqg Edoo +4<<5, kdyh surylghg lqwxlwlyh dqg irupdo dujx0
phqwv/ uhvshfwlyho|/ wkdw uhvxow lq d srvlwlyh lq xhqfh ri kljkhu lq dwlrq rq wkh
xqfhuwdlqw| derxw lq dwlrq1 Wkh rssrvlwh w|sh ri fdxvdwlrq ehwzhhq lq dwlrq dqg
xqfhuwdlqw| kdv dovr ehhq dqdo|vhg lq wkh wkhruhwlfdo pdfurhfrqrplfv olwhudwxuh1
Fxnlhupdq dqg Phow}hu +4<;9, hpsor| wkh Eduur0Jrugrq vhw xs dqg vkrz wkdw
dq lqfuhdvh lq xqfhuwdlqw| derxw prqh| jurzwk dqg lq dwlrq zloo lqfuhdvh wkh
rswlpdo dyhudjh lq dwlrq udwh ehfdxvh lw surylghv dq lqfhqwlyh wr wkh srolf|pdnhu
wr fuhdwh dq lq dwlrq vxusulvh lq rughu wr vwlpxodwh rxwsxw jurzwk1
Wkh xvh ri wkh dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| +DUFK, dqg jhq0
hudolvhg DUFK +JDUFK, dssurdfkhv lqwurgxfhg e| Hqjoh +4<;5, dqg Eroohuvohy
+4<;9,/ uhvshfwlyho|/ doorz xv wr sur{| xqfhuwdlqw| xvlqj wkh frqglwlrqdo yduldqfh
ri xqsuhglfwdeoh vkrfnv wr wkh lq dwlrq udwh1 Lq dgglwlrq/ wkh DUFK0lq0phdq
+DUFK0P, prgho vxjjhvwhg e| Hqjoh hw do1 +4<;:, doorzv wkh hfrqrphwulf whvw0
lqj ri wkh hhfw ri d fkdqjh lq wkh yduldqfh ri wkh vhulhv rq wkh vhulhv lwvhoi1 Hqjoh
+4<;6, dqg Eroohuvohy +4<;9,/ pdnlqj xvh ri wkh DUFK whfkqltxhv/ glg qrw shu0
irup d vwdwlvwlfdo whvw ri wkh Iulhgpdq0Edoo k|srwkhvlv exw rqo| frpsduhg wkh
hvwlpdwhg frqglwlrqdo yduldqfh vhulhv zlwk wkh XV dyhudjh lq dwlrq udwh ryhu ydul0
rxv wlph shulrgv1 Julhu dqg Shuu| +4<<;, xvhg wkh hvwlpdwhg frqglwlrqdo yduldqfh
iurp d JDUFK prgho dqg hpsor|hg Judqjhu0fdxvdolw| whvwv wr whvw iru wkh gl0
uhfwlrq ri fdxvdolw| ehwzhhq dyhudjh lq dwlrq dqg lq dwlrq xqfhuwdlqw|1 Edloolh hw
do1 +4<<9, shuiruphg wkhvh whvwv vlpxowdqhrxvo| lq d vlqjoh prgho e| lqfoxglqj
odjjhg lq dwlrq lq wkh frqglwlrqdo yduldqfh htxdwlrq dqg wkh frqglwlrqdo vwdqgdug
5ghyldwlrq lq wkh lq dwlrq htxdwlrq1 Lq sduwlfxodu/ xvlqj XV gdwd/ Julhu dqg Shuu|
+4<<;, qg wkdw lq dwlrq kdv d vljqlfdqw dqg srvlwlyh hhfw rq lq dwlrq xqfhu0
wdlqw|/ exw wkdw lqfuhdvhg lq dwlrq xqfhuwdlqw| gdpshqv ixwxuh lq dwlrq/ d uhvxow
wkdw lv rssrvlwh wr wkh suhglfwlrqv ri wkh Fxnlhupdq0Phow}hu wkhru|41R q w k h
rwkhu kdqg/ Edloolh hw do +4<<9, qg qr vljqlfdqw uhodwlrqvkls ehwzhhq lq dwlrq
dqg lq dwlrq xqfhuwdlqw|1
Wklv vwxg| frqwulexwhv wr wkh olwhudwxuh rq wkh lq dwlrq0xqfhuwdlqw| uhodwlrq0
vkls lq wkuhh zd|v= Iluvw/ zh surylgh d qxpehu ri qhz wkhruhwlfdo hfrqrphwulf
uhvxowv rq wkh xqlyduldwh JDUFK0lq0phdq +JDUFK0P, prgho wkdw lqfoxghv dovr
odjjhg ydoxhv ri lq dwlrq xqfhuwdlqw| lq wkh phdq htxdwlrq dqg odjjhg lq dwlrq
udwhv lq wkh frqglwlrqdo yduldqfh htxdwlrq1 Wkhvh uhvxowv duh= +l, Zh rewdlq wkh
xqlyduldwh DUPD uhsuhvhqwdwlrqv ri wkh lq dwlrq udwh dqg lq dwlrq xqfhuwdlqw|1
+ll, Zh xvh wkh fdqrqlfdo idfwrul}dwlrq ri wkh dxwr2furvv fryduldqfh jhqhudwlqj
ixqfwlrqv wr rewdlq wkh dxwr2furvv fryduldqfhv iru wkh lq dwlrq udwh dqg lq dwlrq
xqfhuwdlqw|1 +lll, Zh ghulyh wkh frqglwlrq iru wkh h{lvwhqfh ri wkh vhfrqg prphqw
ri wkh frqglwlrqdo yduldqfh dqg zh jlyh wkh nxuwrvlv ri wkh huuruv1 Zh dovr looxv0
wudwh wkh uhohydqfh ri rxu uhvxowv xvlqj prqwko| XV lq dwlrq gdwd1 Vhfrqg/ lq
frqwudvw wr wkh pdmrulw| ri wkh h{lvwlqj olwhudwxuh +wkh h{fhswlrqv ehlqj Edloolh hw
do1 +4<<9, dqg Julhu dqg Shuu| +4<<;,,/ zh whvw iru wkh lq dwlrq0lq dwlrq xqfhu0
wdlqw| uhodwlrqvkls e| hvwlpdwlqj d prgho ri lq dwlrq zlwk vlpxowdqhrxv ihhgedfn
ehwzhhq wkh frqglwlrqdo phdq dqg frqglwlrqdo yduldqfh1 Wklug/ lq frqwudvw wr doo
suhylrxv vwxglhv phqwlrqhg lq wkh hpslulfdo vhfwlrq dqg xvlqj XV gdwd/ zh surylgh
vwurqj hylghqfh lq idyru ri d srvlwlyh hhfw ri d fkdqjh lq lq dwlrq xqfhuwdlqw|
rq lq dwlrq/ dv suhglfwhg e| wkh Fxnlhupdq0Phow}hu wkhru|1 Zh dovr qg vwurqj
hylghqfh lq vxssruw ri wkh Iulhgpdq0Edoo ylhz1
Wkh uhvw ri wkh sdshu lv rxwolqhg dv iroorzv= Vhfwlrq 5 surylghv d eulhi h{srvl0
wlrq ri wkh wkhru| ehklqg wkh lq dwlrq0lq dwlrq xqfhuwdlqw| uhodwlrqvkls/ dqg rxu
wkhruhwlfdo hfrqrphwulf prgho1 Vhfwlrq 6 ghulyhv d qxpehu ri wkhruhwlfdo uhvxowv
rq wkh fryduldqfh vwuxfwxuh ri wkh lq dwlrq udwh dqg lq dwlrq xqfhuwdlqw|1 Vhfwlrq
7 suhvhqwv rxu hpslulfdo dssurdfk/ rxu uhvxowv/ dqg dq lqwhusuhwdwlrq1 Ilqdoo|/
vhfwlrq 8 vxppdul}hv wkh pdmru frqfoxvlrqv1
4Xvlqj d Frpsrqhqw JDUFK0P prgho ri lq dwlrq wkdw lqfoxghv odjjhg lq dwlrq lq wkh
frqglwlrqdo yduldqfh/ Julhu dqg Shuu| +4<<;, hvwlpdwh vlpxowdqhrxvo| wkh uhodwlrqvkls ehwzhhq
lq dwlrq dqg lq dwlrq xqfhuwdlqw|1 Wkh| ￿qg wkdw lq dwlrq kdv d srvlwlyh h￿hfw rq lq dwlrq xq0
fhuwdlqw| +wkh Iulhgpdq0Edoo k|srwkhvlv,/ exw xqfhuwdlqw| kdv qr vljql￿fdqw lpsdfw rq lq dwlrq1
651 DUPD0JDUFK0P0O Prgho
5141 Rq wkh gluhfwlrq ri fdxvdolw| ehwzhhq lq dwlrq dqg lq dwlrq xqfhu0
wdlqw|
Hfrqrplvwv kdyh dsshdohg wr wkh xqfhuwdlqw| derxw wkh ixwxuh udwh ri lq dwlrq lq
rughu wr dffrxqw iru wkh zhoiduh orvv wkdw prqhwdu| hfrqrplfv kdv dvvrfldwhg zlwk
lq dwlrq1 Suhglfwdeoh lq dwlrq vkrxog qrw ohdg wr zhoiduh orvv vlqfh lqgh{dwlrq
zloo doorz djhqwv wr plqlpl}h wkh frvwv ri lq dwlrq1 Krzhyhu/ xqfhuwdlqw| derxw
ixwxuh lq dwlrq glvwruwv wkh h!flhqw doorfdwlrq ri uhvrxufhv wkdw lv edvhg rq wkh
sulfh phfkdqlvp1 Wklv glvwruwlrq/ dffruglqj wr Iulhgpdq +4<::, zloo ohdg wr orzhu
rxwsxw1 Ixuwkhupruh/ kljk lq dwlrq udwhv pljkw uhvxow lq pruh yduldeoh lq dwlrq
dqg/ khqfh/ fuhdwh pruh xqfhuwdlqw| derxw ixwxuh lq dwlrq1 Dv Iulhgpdq +4<::/
s1 799, zurwh= D exuvw ri lq dwlrq surgxfhv vwurqj suhvvxuh wr frxqwhu lw1 Srolf|
jrhv iurp rqh gluhfwlrq wr dqrwkhu/ hqfrxudjlqj zlgh yduldwlrq lq wkh dfwxdo dqg
dqwlflsdwhg udwh ri lq dwlrq111 Hyhu|rqh uhfrjqlvhv wkdw wkhuh lv juhdw xqfhuwdlqw|
derxw zkdw dfwxdo lq dwlrq zloo wxuq rxw wr eh ryhu dq| vshflf ixwxuh lqwhuydo1
Frpelqlqj wkh olqn ri lq dwlrq wr lq dwlrq xqfhuwdlqw| dqg wkh olqn ri lq dwlrq
xqfhuwdlqw| wr rxwsxw/ zh kdyh wkh whvwdeoh k|srwkhvlv wkdw kljkhu lq dwlrq ohdgv
wr orzhu rxwsxw/ l1h1 d srvlwlyho|0vorshg Skloolsv fxuyh1
Iulhgpdq*v lqwxlwlyh uhvxow kdv dovr ehhq vxevhtxhqwo| ghulyhg irupdoo| e|
Edoo +4<<5, lq dq dv|pphwulf lqirupdwlrq jdph zkhuh wkh sxeolf idfhv xqfhuwdlqw|
derxw wkh w|sh ri wkh srolf|pdnhu1 Wkh wzr w|shv ri srolf|pdnhu glhu lq whupv ri
wkhlu zloolqjqhvv wr ehdu wkh hfrqrplf frvwv ri uhgxflqj lq dwlrq1 Lq shulrgv ri orz
lq dwlrq/ wkh wrxjk w|sh zloo dsso| frqwudfwlrqdu| prqhwdu| srolf|1 Edoo dvvxphv
wkdw wkh wzr w|shv ri srolf|pdnhuv dowhuqdwh lq r!fh lq d vwrfkdvwlf pdqqhu1
Wkhuhiruh/ d kljkhu fxuuhqw lq dwlrq udwh fuhdwhv pruh xqfhuwdlqw| derxw wkh ohyho
ri ixwxuh lq dwlrq vlqfh lw lv qrw nqrzq zkhwkhu wkh wrxjk w|sh zloo jdlq srzhu
dqg jkw lq dwlrq1
Fxnlhupdq dqg Phow}hu +4<;9, vkrz wkdw dq lqfuhdvh lq lq dwlrq xqfhuwdlqw|
zloo udlvh wkh rswlpdo lq dwlrq udwh1 Krzhyhu/ d glhuhqw rxwfrph lv ghulyhg xq0
ghu wkh vwdelol}dwlrq prwlyh vxjjhvwhg e| Kroodqg +4<<8,1 Xqghu wklv vfhqdulr/ li
kljkhu lq dwlrq udlvhv lq dwlrq xqfhuwdlqw|/ wkh srolf|pdnhu uhvsrqgv e| glvlq dw0
lqj wkh hfrqrp| lq rughu wr uhgxfh xqfhuwdlqw| dqg wkh dvvrfldwhg frvwv1 Lq vxfk d
fdvh/ wkh hhfw ri lq dwlrq xqfhuwdlqw| rq wkh udwh ri lq dwlrq lv qhjdwlyh1 Wklv lv
pruh olnho| wr revhuyh li/ lqvwhdg ri h{dplqlqj wkh frqwhpsrudqhrxv uhodwlrqvkls
ehwzhhq lq dwlrq dqg lq dwlrq xqfhuwdlqw|/ zh doorz iru d odj lq srolf|pdnhu*v
uhvsrqvh dqg wkh fkdqjh lq wkh lq dwlrq udwh1
75151 Wkh prgho
Wkh vlpsoh DU+4,0JDUFK+4/4,0P+3,0O+4, prgho lv jlyhq e|
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zkhuh +| vwdqgv iru wkh udwh ri lq dwlrq/ dqg | iru lwv frqglwlrqdo yduldqfh1 E|
lqfoxglqj odjjhg lq dwlrq lq wkh frqglwlrqdo yduldqfh htxdwlrq/ dqg wkh frqglwlrqdo
yduldqfh lq wkh lq dwlrq htxdwlrq/ zh fdq vlpxowdqhrxvo| whvw wkh Iulhgpdq0Edoo
k|srwkhvlv dqg wkh Fxnlhupdq0Phow}hu wkhru|1 Julhu dqg Shuu| +4<<;, phdvxuhg
wkh frqglwlrqdo yduldqfh xvlqj d JDUFK+5/5, vshflfdwlrq1 Wkh JDUFK+5/5,
prgho kdv dq DUPD+5/5, uhsuhvhqwdwlrq1 Lq prgho +514, deryh/ dowkrxjk wkh
frqglwlrqdo yduldqfh kdv d JDUFK+4/4, vshflfdwlrq/ gxh wr wkh vlpxowdqhrxv
ihhgedfn/ lw kdv dq DUPD+5/5, uhsuhvhqwdwlrq +vhh Fruroodu| 4,1
Qh{w zh h{whqg wkh vlpsoh prgho lq htxdwlrqv +514,dqg +515, e| lqfuhdvlqj wkh
rughu ri wkh sdudphwhu sro|qrpldov lq wkh frqglwlrqdo phdq dqg wkh frqglwlrqdo
yduldqfh ri wkh lq dwlrq udwh1 Iluvw/ zh doorz odjjhg ydoxhv ri wkh surfhvv +o odjv,/
lwv frqglwlrqdo yduldqfh +?W odjv,/ dqg rW odjjhg huuruv wr dhfw wkh frqglwlrqdo
phdq=
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Vhfrqg/ zh doorz odjjhg ydoxhv ri wkh surfhvv +&W odjv,/ lwv frqglwlrqdo yduldqfh
+RW odjv,/ dqg ^W odjv ri wkh vtxduhg huuruv wr dhfw wkh frqglwlrqdo yduldqfh=

























Zh uhihu wr wklv prgho dv wkh DUPD+o/rW,0JDUFK+RW/^W,0P+?W,0O+&W prgho51
Lw lv d jhqhudo g|qdplf prgho zlwk vlpxowdqhrxv ihhgedfn ehwzhhq wkh frqglwlrqdo
5Wr rxu nqrzohgjh wkh ￿uvw sdshu rq wkh JDUFK0P0O prgho zdv zulwwhq e| Orqjvwd￿ dqg
Vfkzduw} +4<<5,1
8yduldqfh dqg wkh frqglwlrqdo phdq1 Wklv  h{leoh iudphzrun qhvwv wkh JDUFK0
Op r g h o l i +￿Eu'f /w k hJ D U F K 0 Pp r g h o 6 li ￿+Eu'f /d q gw k hv l p s o h
JDUFK prgho li +￿Eu'￿+Eu'f 
Wkh xvh ri prqwko| gdwd kdv lpsruwdqw lpsolfdwlrqv iru wkh rughu ri wkh prgho
dqg wkh srvvlelolw| ri odjjhg hhfwv ehwzhhq lq dwlrq dqg lwv xqfhuwdlqw|1 Iluvw/
wkh xvh ri prqwko| gdwd lq wkh hvwlpdwlrq ri wkh jhqhudo prgho +516d0517d, deryh
lpsolhv wkdw wkh rughu ri wkh DU dqg PD sro|qrpldov fdq eh juhdwhu wkdq rqh17
Wkhuhiruh/ zh xvh dq o0wk rughu DU sro|qrpldo dqg d r0wk rughu PD sro|qrpldo1
Ixuwkhupruh/ wkh JDUFK+4/4, vshflfdwlrq ri wkh frqglwlrqdo yduldqfh pljkw eh
lqvx!flhqw1 Iru h{dpsoh/ Julhu dqg Shuu| +4<<;, xvhg d JDUFK+5/5, vshflfd0
wlrq1 Khqfh/ rxu jhqhudo prgho +517d, dvvxphv d JDUFK vshflfdwlrq ri rughu
ERWc^ W1 Lq dgglwlrq/ wkh jhqhudol}dwlrq ri wkh prgho wr doorz iru wkh frqwhpsr0
udqhrxv dqg odjjhg hhfw lq wkh uhodwlrqvkls ehwzhhq wkh frqglwlrqdo yduldqfh ri
lq dwlrq dqg wkh dyhudjh lq dwlrq udwh lv mxvwlhg e| wkh xvh ri prqwko| gdwd1
Frqvlghu/ iru h{dpsoh/ wkh fdvh zkhuh kljkhu lq dwlrq ohdgv wr pruh lq dwlrq xq0
fhuwdlqw| dqg dvvrfldwhg uhdo frvwv1 Li wkh Fhqwudo edqn uhvsrqgv e| glvlq dwlqj
wkh hfrqrp|/ dffruglqj wr Kroodqg*v +4<<8, vwdelol}dwlrq prwlyh/ lw lv pruh olnho|
wkh fdvh wkdw wkh uhgxfwlrq lq lq dwlrq zloo rqo| dsshdu zlwk d odj lq uhodwlrq wr
wkh lqfuhdvh lq xqfhuwdlqw| +Julhu dqg Shuu|/ 4<<;,1
Qrwh wkdw lqfoxglqj odjjhg lq dwlrq lq wkh yduldqfh htxdwlrq fdq fdxvh sure0
ohpv zlwk wkh qrqqhjdwlylw| ri wkh yduldqfh1 Lq frqwudvw/ wkh wzr0vwhs phwkrg ri
Julhu dqg Shuu| +4<<;, vxhuv iurp d frqwudglfwlrq= lq wkh uvw vwhs/ wkh dxwkruv
hvwlpdwh wkh yduldqfh iurp d prgho wkdw lpsolhv wkdw wkhuh lv qr wkhruhwlfdo furvv0
fruuhodwlrq ehwzhhq wkh lq dwlrq udwh dqg lwv yduldqfh dqg/ lq wkh vhfrqg vwhs/ xvh
wklv yduldqfh wr fkhfn zkhwkhu lw Judqjhu0fdxvhv wkh lq dwlrq udwh1
Wkh jrdo ri wklv vhfwlrq lv wr surylgh d frpsuhkhqvlyh phwkrgrorj| iru wkh
dqdo|vlv ri wklv prgho1 Iluvw/ zh ghulyh wkh elyduldwh DUPD uhsuhvhqwdwlrq ri wkh
surfhvv dqg lwv frqglwlrqdo yduldqfh1 Vhfrqg/ zh surylgh wkh xqlyduldwh DUPD
uhsuhvhqwdwlrqv ri wkh surfhvv dqg lwv frqglwlrqdo yduldqfh1 Wklug/ zh jlyh wkh
jhqhudo frqglwlrqv iru wkh vwdwlrqdulw|/ lqyhuwlelolw|/ dqg luuhgxflelolw| ri wkhvh
6Wkh DUFK0lq0phdq prgho zdv lqwurgxfhg e| Hqjoh/ Ololhq/ dqg Urelqv +4<;:,1 Wklv prgho
zdv xvhg wr lqyhvwljdwh wkh h{lvwhqfh ri wlph ydu|lqj whup suhpld lq wkh whup vwuxfwxuh ri lqwhuhvw
udwhv1 Vxfk wlph ydu|lqj ulvn suhpld kdyh ehhhq vwurqjo| vxssruwhg e| d kxjh erg| ri hpslulfdo
uhvhdufk/ lq lqwhuhvw udwhv +Kxuq/ PfGrqdog dqg Prrg|/ 4<<8,/ lq iruzdug dqg ixwxuh sulfhv
ri frpprglwlhv +Kdoo/ 4<<4/ Prrvd dqg Do0Orxjkdql/4<<7,/ lq lqgxvwuldo surgxfwlrq +Fdsrudoh
dqg PfNlhupdq/ 4<<9,/ dqg hvshfldoo| lq vwrfn uhwxuqv +Fdpsehoo dqg Khqwvfho/ 4<<5/ Jorvwhq/
Mdjdqqdwkdq dqg Uxqnoh/ 4<<6/ Eodfn dqg Iudvhu/ 4<<8/ Iudvhu/ 4<<9/ Kdqvvrq dqg Krugdko/
4<<:/ Ho|dvldql dqg Pdqvxu/ 4<<;,1
7Iru h{dpsoh/ Julhu dqg Shuu| +4<<;, xvhg d 450wk rughu DU sro|qrpldo dqg Edloolh hw do
+4<<9, xvhg d 580wk rughu PD sro|qrpldo1 Lq wklv sdshu/ zh xvh dq dxwruhjuhvvlyh sro|qrpldo
ri rughu 571
9uhsuhvhqwdwlrqv1
Wkh JDUFK+RWc^ W,0O irupxodwlrq lq htxdwlrq +517d, fdq uhdglo| eh lqwhu0
suhwhg dv dq DUPD+R/^W,0O prgho iru wkh frqglwlrqdo yduldqfh1 Wklv DUPD
uhsuhvhqwdwlrq lv jlyhq lq wkh iroorzlqj Fruroodu|1
Fruroodu| 4= Wkh DUPD uhsuhvhqwdwlrq ri wkh frqglwlrqdo yduldqfh lv jlyhq e|
￿￿Eu| ' / n ￿+Eu+| n h ￿￿Eu|c | ' 0
2
|  | +518d,
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Qrwh wkdw | lq htxdwlrq +518d, lv dq xqfruuhodwhg whup zlwk h{shfwhg ydoxh 31
Surri= Lq +517d, zh dgg dqg vxewudfw h ￿￿Eu| dqg zh jhw +518d,1
Lq wkh Sursrvlwlrq wkdw iroorzv zh zloo jlyh wkh xqlyduldwh DUPD uhsuhvhqwd0
wlrqv iru wkh surfhvv dqg lwv frqglwlrqdo yduldqfh1 Lq rwkhu zrugv/ zh zloo h{suhvv
+| rqo| dv d ixqfwlrq ri odjjhg ydoxhv ri +|/ odjjhg ydoxhv ri wkh huuruv E0| dqg
odjjhg ydoxhv ri wkh | whup1
Sursrvlwlrq 4= Wkh xqlyduldwh DUPD uhsuhvhqwdwlrqv ri wkh surfhvv dqg lwv
frqglwlrqdo yduldqfh duh
Eu+| ' k
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￿￿ wrjhwkhu zlwk wkh surri duh
jlyhq lq Dsshqgl{ D1
Wkxv/ wkh DUPD0JDUFK0P0O irupxodwlrq lq htxdwlrqv +516d, dqg +517d,
lv uhdglo| lqwhusuhwhg dv dq DUPDdsc4@ E?cro prgho iru wkh surfhvv/ dqg dq
:DUPDdsc4@ E&c^o prgho iru wkh frqglwlrqdo yduldqfh1 Iurp htxdwlrqv +519d,
dqg +51:d, lw lv dssduhqw wkdw wkh furvv fruuhodwlrqv ehwzhhq wkh surfhvv dqg lwv
frqglwlrqdo yduldqfh duh gxh wr wkh idfw wkdw wkh huuru whup dqg wkh | whup duh
hqwhulqj erwk htxdwlrqv +519d, dqg +51:d,1 Wkhvh furvv fruuhodwlrqv duh jlyhq lq
wkh qh{w Vhfwlrq1 Qrwh dovr wkdw iru wkh vlpsoh DUPD0JDUFK prgho zkhuh
wkhuh duh qr phdq hhfwv +iurp wkh frqglwlrqdo yduldqfh wr wkh frqglwlrqdo phdq,
dqg qr ohyho hhfwv +iurp wkh frqglwlrqdo phdq wr wkh frqglwlrqdo yduldqfh,/ wkh
wzr sro|qrpldov +￿Euc dqg ￿0Eu duh 31 Wklv phdqv wkdw/ vlqfh wkh huuru whup
lv xqfruuhodwhg zlwk wkh | whup/ wkhuh lv qr furvv fruuhodwlrq ehwzhhq wkh surfhvv
dqg lwv frqglwlrqdo yduldqfh1 Ilqdoo|/ qrwh wkdw lq wkh xqlyduldwh uhsuhvhqwdwlrqv
+519d, dqg +51:d,/ d phdvxuh ri shuvlvwhqfh iru wkh lq dwlrq udwh dqg wkh frqglwlrqdo
yduldqfh lv wkh kljkhvw urrw ri wkh DU sro|qrpldo ht1 +519e,81
 Dvvxpswlrq 4 Doo wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldo dEuo olh rxw0
vlgh wkh xqlw flufoh +vwdwlrqdulw| frqglwlrqv iru wkh xqlyduldwh DUPD uhsuh0
vhqwdwlrqv,1
 Dvvxpswlrq 51W k h s r o | q r p l d o v Eu/ +0Euc dqg +￿Eu kdyh qr frp0
prq ohiw idfwruv rwkhu wkdq xqlprgxodu rqhv/ l1h/ li Eu'LEu￿Eu/
+0Eu'LEu￿
+0Eu dqg +￿Eu'LEu￿
+￿Eu/ wkhq wkh frpprq idfwru
LEu pxvw eh xqlprgxodu +luuhgxflelolw| frqglwlrq iru wkh xqlyduldwh DUPD
uhsuhvhqwdwlrq iru wkh surfhvv,1
 Dvvxpswlrq 61 Wkh sro|qrpldov Eu/ ￿0Euc dqg ￿￿Eu kdyh qr frp0
prq ohiw idfwruv rwkhu wkdq xqlprgxodu rqhv/ l1h/ li Eu'LEu￿Eu/
￿0Eu'LEu￿
￿0Eu dqg ￿￿Eu'LEu￿
￿￿Eu/ wkhq wkh frpprq idfwru
LEu pxvw eh xqlprgxodu +luuhgxflelolw| frqglwlrq iru wkh xqlyduldwh DUPD
uhsuhvhqwdwlrq iru wkh frqglwlrqdo yduldqfh,1
61 Fryduldqfh Vwuxfwxuh
Wkh prphqw vwuxfwxuh ri JDUFK prghov lv d wrslf wkdw kdv uhfhqwo| dwwudfwhg
sohqw| ri dwwhqwlrq1 Ndudqdvrv +4<<<, ghulyhg wkh dxwrfryduldqfhv ri wkh vtxduhg
huuruv iru wkh vlpsoh JDUFK prgho1 Ndudqdvrv +5333d, rewdlqhg wkh dxwr2furvv
fryduldqfhv ri wkh frpsrqhqw yduldqfhv dqg wkh djjuhjdwh yduldqfh iru wkh Frp0
srqhqw JDUFK prgho1 Ndudqdvrv +5333e, jdyh wkh dxwr2furvv fryduldqfhv ri wkh
surfhvv dqg lwv frqglwlrqdo yduldqfh iru wkh JDUFK0lq0phdq prgho1
8Lq phdvxulqj wkh shuvlvwhqfh ri wkh lq dwlrq udwh/ Edloolh hw do1 +4<<9, xvhg wkh rughu ri d
iudfwlrqdo lqwhjudwhg surfhvv1 Lq phdvxulqj wkh shuvlvwhqfh ri wkh frqglwlrqdo yduldqfh/ Julhu
dqg Shuu| +4<<;, xvhg wkh shupdqhqw frpsrqhqw ri d frpsrqhqw JDUFK prgho1
;Lq wklv vhfwlrq zh irfxv rxu dwwhqwlrq rq wkh vhfrqg prphqw vwuxfwxuh ri
wkh jhqhudo DUPD0JDUFK0P0O prgho1 Lq zkdw iroorzv zh xvh wkh fdqrqlfdo
idfwrul}dwlrq +FI, ri wkh dxwrfryduldqfh jhqhudwlqj ixqfwlrq +DJI, ri wkh surfhvv
dqg lwv frqglwlrqdo yduldqfh wr ghulyh wkh dxwr2furvv fruuhodwlrqv iru wkh lq dwlrq
udwh dqg lq dwlrq xqfhuwdlqw|> zh rqo| h{dplqh wkh fdvh zkhuh wkh urrwv ri wkh
DU sro|qrpldo duh glvwlqfw1 Wkh jrdo ri rxu phwkrg lv qrw rqo| wkhruhwlfdo sxulw|
exw dovr wkh surgxfwlrq ri h{suhvvlrqv lqwhqghg iru sudfwlfdo xvh1
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Wkh uvw dqg vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfh duh jlyhq lq Sursrvlwlrq
5 ehorz1 Wkh surri ri Wkhruhp 4 lv jlyhq lq Dsshqgl{ E1







































































































Wkh surri ri Wkhruhp 5 lv vlplodu wr wkdw ri Wkhruhp 41
Wkhruhp 6= Wkh furvv fryduldqfh jhqhudwlqj ixqfwlrq dqg wkh furvv fruuhodwlrqv
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43Wkh surri ri Wkhruhp 6 lv jlyhq lq Dsshqgl{ F1
Wkh vwuxfwxuh ri wkh furvv fryduldqfhv ehwzhhq wkh lq dwlrq vhulhv dqg lwv frq0
glwlrqdo yduldqfh jlyhq e| htxdwlrqv +616d,0+616f, glvwlqjxlvkhv DUPD0JDUFK0
P0O prgho iurp wkh DUPD0JDUFK prgho/ hpsor|hg e| Julhu dqg Shuu| +4<<;,/
zkhuh wkh wkhruhwlfdo furvv fruuhodwlrqv duh }hur1
Vhyhudo dxwkruv kdyh vwxglhg frqglwlrqv iru wkh h{lvwhqfh ri kljkhu rughu pr0
phqwv lq JDUFK prghov/ vhh/ iru h{dpsoh/ Olqj dqg Ol +4<<:,/ Dq dqg Fkhq
+4<<;,/ Fduudvfr dqg Fkhq +4<<<,/ Jludlwlv/ Nrnrv}nd dqg Ohlsxv +4<<<, dqg Olqj
+4<<<,1
Sursrvlwlrq 51 Wkh uvw dqg vhfrqg prphqw ri wkh frqglwlrqdo yduldqfh/








































Wkh frqglwlrq iru wkh h{lvwhqfh ri wkh vhfrqg prphqw lv   ￿
￿f : f1W k hs u r r i
ri Sursrvlwlrq 5 iroorzv iurp Wkhruhp 51
Lq wklv Vhfwlrq zh suhvhqwhg d frpsohwh fkdudfwhul}dwlrq ri wkh prphqw vwuxf0
wxuh ri wkh lq dwlrq udwh dqg lwv frqglwlrqdo yduldqfh iru wkh jhqhudo DUPD0
JDUFK0P0O prgho1 Wkh uhvxowv lq wklv vhfwlrq duh xvhixo/ iru h{dpsoh/ li zh
zdqw wr frpsduh wkh prgho zlwk wkh vlpsoh DUPD0JDUFK prgho1 Wkh| uhyhdo
fhuwdlq glhuhqfhv lq wkh prphqw vwuxfwxuh ri erwk prghov1 Wkh frh!flhqwv lq
rxu irupxod duh h{suhvvhg lq whupv ri wkh urrwv ri wkh dxwruhjuhvvlyh sro|qrpldo
dEuo dqg wkh sdudphwhuv ri wkh prylqj dyhudjh rqhv1 Zh vkrxog phqwlrq wkdw
zh rqo| h{dplqh wkh fdvh zkhuh wkh urrwv ri wkh DU sro|qrpldo duh glvwlqfw +wkh
fdvh ri htxdo urrwv lv ohiw iru ixwxuh uhvhdufk,1 Krzhyhu/ rxu phwkrgrorj| fdq eh
dssolhg wr hyhq pruh frpsolfdwhg JDUFK0P0O prghov olnh wkh Frpsrqhqw dqg
wkh Dv|pphwulf Srzhu JDUFK0P0O prghov1
4471 Hpslulfdo Dssolfdwlrq
7141 Wkh hpslulfdo hylghqfh
Rnxq +4<:4, lv rqh ri wkh uvw vwxglhv wr qg wkdw frxqwulhv h{shulhqflqj d kljk
lq dwlrq udwh duh dovr frxqwulhv zkhuh wkh vwdqgdug ghyldwlrq ri lq dwlrq lv odujh1
Wkh hpslulfdo dssurdfk wr wkh lq dwlrq0xqfhuwdlqw| uhodwlrqvkls idfhv wkh lvvxh ri
phdvxulqj xqfhuwdlqw|1 Wzr phdvxuhv ri xqfhuwdlqw| wkdw kdyh ehhq xvhg zlgho|
lq hpslulfdo vwxglhv duh wkh glvshuvlrq ri vxuyh|0edvhg lqglylgxdo iruhfdvwv dqg wkh
prylqj vwdqgdug ghyldwlrq ri lq dwlrq1 Wkh pdmru glvdgydqwdjh ri wkhvh phdvxuhv
olhv lq wkhlu lqdelolw| wr glvwlqjxlvk ehwzhhq yduldelolw| dqg xqfhuwdlqw|1 Lq rwkhu
zrugv/ wkh| lqfoxgh erwk suhglfwdeoh dqg xqsuhglfwdeoh yduldelolw|/ hyhq wkrxjk
wkh iruphu grhv qrw lpso| dq| xqfhuwdlqw|1 Ryhudoo/ wkh hpslulfdo hylghqfh rq
wkh Iulhgpdq0Edoo ylhz lv udwkhu pl{hg91 Edoo dqg Fhffkhwwl +4<<3,/ Fxnlhupdq
dqg Zdfkwho +4<:<,/ Hydqv +4<<4,/ dqg Julhu dqg Shuu| +4<<;,/ dprqj rwkhuv/
surylgh hylghqfh lq vxssruw ri d srvlwlyh lq xhqfh ri wkh dyhudjh udwh ri lq dwlrq
rq lq dwlrq xqfhuwdlqw|1 Lq sduwlfxodu/ Julhu dqg Shuu| +4<<;, qg wkdw lq doo J:
frxqwulhv lq dwlrq kdv d vljqlfdqw dqg srvlwlyh hhfw rq lq dwlrq xqfhuwdlqw|1
Rq wkh rwkhu kdqg/ xvlqj XV gdwd/ Edloolh hw do1 +4<<9,/ Frvlpdqr dqg Mdqvhq
+4<;;, dqg Ilvfkhu +4<;4,/ dprqj rwkhuv/ qg qr vljqlfdqw uhodwlrqvkls ehwzhhq
lq dwlrq dqg lq dwlrq xqfhuwdlqw|1 Wkh rssrvlwh gluhfwlrq ri fdxvdolw|/ wkdw lv/
iurp lq dwlrq xqfhuwdlqw| wr wkh dyhudjh udwh ri lq dwlrq kdv dovr ehhq frqvlghuhg
e| wkh hpslulfdo olwhudwxuh1 Edloolh hw do1 +4<<9,/ xvlqj XV gdwd/ qg wkdw d
fkdqjh lq lq dwlrq xqfhuwdlqw| grhv qrw kdyh d vljqlfdqw hhfw rq wkh udwh ri
lq dwlrq1 Krzhyhu/ Edloolh hw do1 +4<<9, qg vrph hylghqfh lq idyru ri d srvlwlyh
uhodwlrqvkls xvlqj lq dwlrq gdwd iru wkh XN dqg vrph kljk0lq dwlrq frxqwulhv
+Dujhqwlqd/ Eud}lo/ Lvudho,1 Julhu dqg Shuu| +4<<;, rewdlq pl{hg uhvxowv iru wkh
J:1 Lq wkuhh frxqwulhv +wkh XV lqfoxghg,/ wkh dxwkruv qg wkdw dq lqfuhdvh lq
lq dwlrq xqfhuwdlqw| orzhuv lq dwlrq/ lq vkdus frqwudvw wr wkh suhglfwlrqv ri wkh
Fxnlhupdq0Phow}hu wkhru|1 Rq wkh rwkhu kdqg/ iru Mdsdq dqg Iudqfh/ wkh| qg
wkdw lqfuhdvhg lq dwlrq xqfhuwdlqw| udlvhv lq dwlrq1
7151 Ghvfulswlrq ri wkh gdwd
Lq rxu hpslulfdo zrun zh xvh vhdvrqdoo| dgmxvwhg wlph vhulhv rq wkh XV Frq0
vxphu*v Sulfh Lqgh{ zklfk zh rewdlqhg iurp wkh RHFG Pdlq Hfrqrplf Lqglfd0
wruv gdwdedvh1 Rxu vdpsoh lqfoxghv 7:3 prqwko| revhuydwlrqv fryhulqj wkh shulrg
4<93P404<<<P51 Iljxuh 4d suhvhqwv wkh sorw ri wkh lq dwlrq udwh E+| vhulhv +wklv
lv frqvwuxfwhg dv wkh uvw glhuhqfh ri wkh orj ri FSL,/ dqg Wdeoh 4d jlyhv lwv
9Gdylv dqg Ndqdjr +5333, surylgh d uhfhqw dqg ghwdlohg wd{rqrp| ri wkh uhvxowv ri furvv0
vhfwlrq dqg wlph0vhulhv vwxglhv rq wkh vxemhfw1
45ghvfulswlyh vwdwlvwlfv1 Wkh XV lq dwlrq udwh srvvhvvhv vljqlfdqw dxwrfruuhodwlrqv/
dqg dffruglqj wr wkh Mdutxh0Ehud vwdwlvwlf lw kdv d qrq0qrupdo glvwulexwlrq +lq
sduwlfxodu/ lwv glvwulexwlrq dsshduv wr eh ohswrnxuwlf dqg vnhzhg wr wkh uljkw,1 Lq
dgglwlrq/ wkh vljqlfdqw '  r|@|r|Sr ri wkh vtxduhg ghyldwlrqv ri wkh lq dwlrq
udwh iurp lwv vdpsoh phdq lqglfdwh wkh h{lvwhqfh ri DUFK hhfwv1: Ixuwkhupruh/
dssolfdwlrq ri vwdqgdug xqlw urrw whvw vkrzv wkdw zh fdq wuhdw wkh lq dwlrq udwh dv
d vwdwlrqdu| surfhvv1 Wkh uhvxowv ri wkh Glfnh|0Ixoohu +GI, dqg Skloolsv0Shuurq
+SS, whvwv duh uhsruwhg lq Wdeoh 4e1;
7161 Hvwlpdwlrq uhvxowv
Zh surfhhg zlwk wkh hvwlpdwlrq ri prghov iurp wkh DU0JDUFK0P0O idplo| lq
rughu wr wdnh lqwr dffrxqw wkh vhuldo fruuhodwlrq dqg wkh DUFK hhfwv revhuyhg lq
rxu wlph vhulhv gdwd/ dqg wr fdswxuh wkh srvvleoh vlpxowdqhrxv ihhgedfn ehwzhhq
lq dwlrq dqg lq dwlrq xqfhuwdlqw|1 Iroorzlqj d jhqhudo wr vshflf dssurdfk zh



























zkhuh suredelolwlhv duh jlyhq lq eudfnhwv1 Wdeoh 5 suhvhqwv vrph ri rxu hvwlpd0
wlrqv1 Wkh deryh prgho/ zklfk lv jlyhq dv Prgho 4 lq Wdeoh 5/ zdv vhohfwhg rq
wkh edvlv ri wkh Dndlnh Lqirupdwlrq EU dqg Vfkzdu} E7 fulwhuld1 Dffruglqj
wr wkh deryh hvwlpdwhv/ wkh lq0phdq hhfw lv vwurqjhu wkdq wkh ohyho hhfw=
d rqh xqlw lqfuhdvh lq wkh lq dwlrq udwh zloo lqfuhdvh qh{w shulrg*v lq dwlrq xq0
fhuwdlqw| e| 315 xqlwv/ zkloh d xqlw lqfuhdvh lq lq dwlrq xqfhuwdlqw| zloo lqfuhdvh
wkh lq dwlrq udwh e| 3179 xqlwv1< Wkh srvlwlyh uhodwlrqvkls ehwzhhq lq dwlrq dqg
:Zkhq zh xvh wkh OP whvw zh fdqqrw uhmhfw wkh suhvhqfh ri DUFK h￿hfwv dw dq| frqyhqwlrqdo
vljql￿fdqfh ohyhov1
;Wr fkhfn wkh vhqvlwlylw| ri rxu uhvxowv wr wkh rughu ri dxjphqwdwlrq ri wkh xqlw urrw whvwv/ zh
lqfoxgh erwk d ￿vpdoo￿ dqg d ￿odujh￿ qxpehu ri odjjhg gl￿huhqfhg whupv lq wkh GI uhjuhvvlrqv1
Vlploduo|/ zh xvh erwk d ￿orz￿ dqg d ￿kljk￿ wuxqfdwlrq odj iru wkh Eduwohww nhuqho lq wkh SS
whvwv1
<Wkh xqlw ri phdvxuhphqw ri rxu prqwko| lq dwlrq udwh vhulhv lv 314 ( / l1h1 313341 Frq0
vhtxhqwo|/ wkh xqlw ri phdvxuhphqw ri lwv yduldqfh lv +3=4(,
5 > l1h1 313333341 Vr wkh hvwlpdwhg
￿lq0phdq￿ dqg ￿ohyho￿ h￿hfwv duh jlyhq e|
793+3=333334, @ +3=79,+3=334,>
+3=5,43￿6 +3=334, @ 3=5+3=333334,>
46lq dwlrq xqfhuwdlqw| lv ghslfwhg lq Iljxuh 4e zklfk sorwv wkh lq dwlrq udwh dqg
lwv fruuhvsrqglqj frqglwlrqdo vwdqgdug ghyldwlrq +ht1 +715,,1
Wdeoh 6 jlyhv wkh gldjqrvwlfv ri wkh vwdqgdugl}hg uhvlgxdov ri wkh deryh hvwl0
pdwhg prgho +Prgho 4 lq Wdeoh 5,1 Zh eholhyh wkdw wkh vljqlfdqw uvw rughu
dxwrfruuhodwlrq ri wkh vtxduhg vwdqgdugl}hg uhvlgxdov lv gxh/ qrw wr wkh lqdgh0
txdf| ri wkh prgho wr fdswxuh wkh dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| ri
wkh lq dwlrq udwh/ exw wr wkh suhvhqfh ri vrph rxwolhuv lq wkh gdwd1 Lq idfw/ zkhq
zh dgg wr rxu prgho wzr gxpplhv iru wkh ;24<:6 dqg wkh 624<;9 gdwd srlqwv +vhh
Iljxuh 4 dqg Prgho 5 lq Wdeoh 5,/ zh rewdlq xqfruuhodwhg vtxduhg vwdqgdugl}hg
uhvlgxdov1 Dovr qrwh wkdw wkh Mdutxh0Ehud whvw iru qrupdolw| lv yhu| vhqvlwlyh wr
rxwolhuv1 Iru wkh prgho zlwk wkh gxpplhv zh rewdlq d ydoxh iru wkh whvw htxdo
wr ;199 ^sure@3134`/ pxfk orzhu wkdq wkh rqh frpsxwhg iru wkh vhohfwhg prgho1
Wkh uhdvrq wkdw zh qdoo| suhihu Prgho 4 wr Prgho 5 lv wkdw/ zkloh erwk prghov
h{klelw vlplodu shuvlvwhqfh/ Prgho 4 lv ehwwhu dffruglqj wr wkh U dqg 7 prgho
vhohfwlrq fulwhuld +vhh Wdeoh 5,1
7171 Vwdelolw| frqglwlrqv ri wkh hvwlpdwhg prgho
Qrz frqvlghu wkh deryh DU+57,0JDUFK+4/4,0P+3,0O+4, prgho lq whupv ri lwv
wkhruhwlfdo sdudphwhuv=
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Wu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zkhuh q
W ' knqc dqg | ' 02
| | Wkh xqlyduldwh DUPD uhsuhvhqwdwlrqv ri wkh
lq dwlrq udwh E+|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 duh
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nKc  ' ￿ n ￿2 n 2e +717f,
uhvshfwlyho|1
47Zh xvh ht1+716e, wr fkhfn wkh vwdelolw| ri rxu hvwlpdwhg prgho +714,0+715,1 Qrwh
wkdw wkh b*v zh fdofxodwh lq +716e, ghqrwh wkh uhflsurfdov ri wkh urrwv ri wkh Eu
sro|qrpldo1 Xvlqj rxu hvwlpdwhg sdudphwhuv zh qg rqh uhdo urrw dqg wzhoyh
sdluv ri frqmxjdwh frpsoh{ urrwv/ doo zlwk prgxoxv ohvv wkdq rqh +vhh Wdeoh 7,1
Wkhuhiruh rxu vhohfwhg prgho vdwlvhv wkh vwdelolw| frqglwlrqv1
7181 Dxwrfruuhodwlrq vwuxfwxuh ri wkh hvwlpdwhg prgho
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Wkh uvw dqg vhfrqg prphqwv ri wkh frqglwlrqdo yduldqfh |c.E| dqg . E2
|c
dqg wkh nxuwrvlv frh!flhqw E& ri wkh huuruv duh
.E|'
E  / n K
  E￿ n q
W n Bn￿q
W  ￿2 n q
































￿f duh jlyhq ehorz e| ht1 +71:e, dqg +71:g,/ uhvshfwlyho|1









































































































￿ oc6 'f  +71:g,
Uhfdoo wkdw wkh frqglwlrq iru wkh h{lvwhqfh ri wkh vhfrqg prphqw ri wkh frqgl0
wlrqdo yduldqfh lv wkdw wkh ghqrplqdwru ri ht1 +719e, lv srvlwlyh/ l1h1   ￿
￿f : f
Lqvhuwlqj rxu hvwlpdwhg sdudphwhuv lq ht1 +71:g, zh jhw ￿
￿f 'f 2D zklfk vdwlvhv
wkh deryh frqglwlrq1 Qh{w/ zh xvh ht1 +719d,0+719e, wr frpsxwh wkh wkhruhwlfdo
yduldqfh ri | G @oE|' 2Ef
3￿￿ ( qrwh wkdw wkh vdpsoh yduldqfh ri wkh hvwl0
pdwhg frqglwlrqdo yduldqfh | lv Ef
3￿￿  Wr frpsxwh wkh wkhruhwlfdo yduldqfh




zh xvh ht1 +718d,/ +718e,/ dqg +718g,/ iru 6 'f c dqg re0
wdlq +f 'b H2Ef
3S  Wklv ydoxh lv yhu| forvh wr b2.Ef
3S c wkh vdpsoh yduldqfh
ri wkh lq dwlrq udwh iru wkh hvwlpdwlrq shulrg1
Ixuwkhupruh/ zh xvh ht1 +718d,0+718g, wr frpsxwh wkh uvw 465 dxwrfruuhodwlrqv
ri wkh lq dwlrq udwh zklfk duh suhvhqwhg lq Iljxuh 5d1 Zh vkrxog qrwh wkdw wkh
wkhruhwlfdo dxwrfruuhodwlrqv pryh txlwh forvho| zlwk wkh vdpsoh dxwrfruuhodwlrqv
ri wkh lq dwlrq udwh +vhh Iljxuh 6,1 Wklv vkrzv wkdw rxu DU0JDUFK0P0O prgho
fdq dssur{lpdwh uhdolw| txlwh zhoo1 Zh wkhq xvh ht1 +71:d,0+71:f, wr frpsxwh wkh
dxwrfruuhodwlrqv +ri rughu 57 wr 465, ri |/ sorwhg lq Iljxuh 5e1 Revhuyh wkh kljk
fruuhodwlrqv wkdw fkdudfwhul}h wkh xqfhuwdlqw| ri wkh lq dwlrq udwh surfhvv1
49Ilqdoo|/ iru wkh frpsxwdwlrq ri wkh furvv fruuhodwlrqv ehwzhhq wkh lq dwlrq udwh
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 +71;f,
Zkhq 6 'f c ht1 +71;d,0+71;f, jlyh wkh wkhruhwlfdo lqvwdqwdqhrxv furvv fruuhodwlrq
ehwzhhq lq dwlrq dqg lwv frqglwlrqdo yduldqfh= 4￿+cf 'f .f Wklv lv yhu| forvh
wr wkh fruuhvsrqglqj vdpsoh ydoxh ri 319;51 Iljxuhv 5f05g suhvhqw wkh wkhruhwlfdo
furvv fruuhodwlrq ixqfwlrqv ehwzhhq lq dwlrq dqg lwv frqglwlrqdo yduldqfh1 Revhuyh
wkh vorzo| ghfd|lqj sdwwhuq fkdudfwhul}hv wkh fruuhodwlrq vwuxfwxuh lq Iljxuhv 5d0
5g1
81 Frqfoxvlrqv
Zh kdyh h{dplqhg wkh uhodwlrqvkls ehwzhhq lq dwlrq dqg lq dwlrq xqfhuwdlqw|
xvlqj d JDUFK prgho wkdw doorzv iru vlpxowdqhrxv ihhgedfn ehwzhhq wkh frqgl0
wlrqdo phdq dqg yduldqfh ri lq dwlrq1 Zh kdyh dovr ghulyhg d qxpehu ri wkhruhwlfdo
hfrqrphwulf uhvxowv dqg looxvwudwhg wkh uhohydqfh ri wkhvh uhvxowv zlwk dq hpslulfdo
h{dpsoh ri wkh XV prqwko| lq dwlrq surfhvv1 Rxu hpslulfdo dqdo|vlv/ lq vkdus frq0
wudvw zlwk h{lvwlqj hylghqfh/ vkrzv wkdw wkhuh lv d vwurqj srvlwlyh el0gluhfwlrqdo
uhodwlrqvkls ehwzhhq lq dwlrq dqg lq dwlrq xqfhuwdlqw|/ lq djuhhphqw zlwk wkh
suhglfwlrqv ri hfrqrplf wkhru| h{suhvvhg e| wkh Fxnlhupdq0Phow}hu wkhru| dqg
wkh Iulhgpdq0Edoo ylhz1 Lw zrxog eh lqwhuhvwlqj wr h{dplqh wkh urexvwqhvv ri wklv
uhvxow xvlqj gdwd iurp d qxpehu ri frxqwulhv1
4:Uhihuhqfhv
Dq/ K1 dqg P1 Fkhq/ 4<<;/ D qrwh rq wkh vwdwlrqdulw| dqg wkh h{lvwhqfh ri
prphqwv ri wkh JDUFK prgho/ Vwdwlvwlfd Vlqlfd/ ;/ 83808431
Edloolh/ U1/ F0I1 Fkxqj/ P1 Wlhvodx/ 4<<9/ Dqdo|}lqj lq dwlrq e| wkh iudfwlrq0
doo| lqwhjudwhg DUILPD0JDUFK prgho/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 44/
560731
Edoo/ O1/ 4<<5/ Zk| grhv kljk lq dwlrq udlvh lq dwlrq xqfhuwdlqw|B/ Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 5</ 6:406;;1
Edoo/ O1/ V1 Fhffkhwwl/ 4<<3/ Lq dwlrq dqg xqfhuwdlqw| dw vkruw dqg orqj krul0
}rqv/ Eurrnlqjv Sdshuv rq Hfrqrplf Dfwlylw|/ 4/ 54805781
Eodfn D1 dqg S1 Iudvhu/ 4<<8/ X1N vwrfn uhwxuqv= Suhglfwdelolw| dqg exvl0
qhvv frqglwlrqv/ Pdqfkhvwhu Vfkrro ri Hfrqrplfv dqg Vrfldo Vwxglhv/ Vxssohphqw/
96+3,/ ;804351
Eroohuvohy/ W1/ 4<;9/ Jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw|/
Mrxuqdo ri Hfrqrphwulfv/ 64/ 63:065:1
Fdpsehoo/ M1 \1 dqg O1 Khqwvfkho/ 4<<5/ Qr qhzv lv jrrg qhzv= Dq dv|pphwulf
prgho ri fkdqjlqj yrodwlolw| lq vwrfn uhwxuqv/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 64/
5;4064;1
Fdsrudoh/ W1 dqg E1 PfNlhupdq/ 4<<9/ Wkh uhodwlrqvkls ehwzhhq rxwsxw ydul0
delolw| dqg jurzwk= hylghqfh iurp srvw zdu XN gdwd/ Vfrwwlvk Mrxuqdo ri Srolwlfdo
Hfrqrp|/ 76/ 55<05691
Fduudvfr/ P1 dqg [1 Fkhq/ 4<<</ e0pl{lqj dqg prphqw surshuwlhv ri ydulrxv
JDUFK/ vwrfkdvwlf yrodwlolw| dqg DFG prghov/ Orqgrq Vfkrro ri Hfrqrplfv/
Zrunlqj Sdshu1
Frvlpdqr/ W1/ G1 Mdqvhq/ 4<;;/ Hvwlpdwhv ri wkh yduldqfh ri XV lq dwlrq edvhg
xsrq wkh DUFK prgho/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 53/ 73<07541
Fxnlhupdq/ D1 dqg D1 Phow}hu/ 4<;9/ D wkhru| ri dpeljxlw|/ fuhglelolw|/ dqg
lq dwlrq xqghu glvfuhwlrq dqg dv|pphwulf lqirupdwlrq/ Hfrqrphwulfd/ 87/ 43<<0
445;1
Fxnlhupdq/ D1/ S1 Zdfkwho/ 4<:</ Glhuhqwldo lq dwlrqdu| h{shfwdwlrqv dqg
wkh yduldelolw| ri wkh udwh ri lq dwlrq/ Dphulfdq Hfrqrplf Uhylhz/ 8<8093<1
Gdylv/ J1 dqg E1 Ndqdjr/ 5333/ Wkh ohyho dqg xqfhuwdlqw| ri lq dwlrq= Uhvxowv
iurp RHFG iruhfdvwv/ Hfrqrplf Lqtxlu|/ 6;/ ss1 8;0:51
Ho|dvldql/ H1 dqg L1 Pdqvxu/ 4<<;/ Vhqvlwlylw| ri wkh edqn vwrfn uhwxuqv glvwul0
exwlrq wr fkdqjhv lq wkh ohyho dqg yrodwlolw| ri lqwhuhvw udwh= d JDUFK0P prgho/
Mrxuqdo ri Edqnlqj dqg Ilqdqfh/ 55/ 86808961
Hqjoh/ U1/ 4<;5/ Dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| zlwk hvwlpdwhv
ri wkh yduldqfh ri XN lq dwlrq/ Hfrqrphwulfd/ 83/ <;:0433;1
Hqjoh/ U1/ 4<;6/ Hvwlpdwhv ri wkh yduldqfh ri XV lq dwlrq edvhg xsrq wkh
DUFK prgho/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 48/ 5;906341
4;Hqjoh/ U1/ G1 Ololhq/ U1 Ureelqv/ 4<;:/ Hvwlpdwlqj wlph ydu|lqj ulvn suhpld
lq wkh whup vwuxfwxuh= Wkh DUFK0P prgho/ Hfrqrphwulfd/ 88/ 6<4073:1
Hydqv/ P1/ 4<<4/ Glvfryhulqj wkh olqn ehwzhhq wkh lq dwlrq udwh dqg lq dwlrq
xqfhuwdlqw|/ Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ 56/ 49<04;71
Ilvfkhu/ V1/ 4<;4/ Wrzdugv dq xqghuvwdqglqj ri wkh frvwv ri lq dwlrq= LL/
Fduqhjlh0Urfkhvwhu Frqihuhqfh vhulhv rq sxeolf srolf|/ 80741
Iudvhu/ S1/ 4<<9/ XN h{fhvv vkduh uhwxuqv= up vl}h dqg yrodwlolw|/ Vfrwwlvk
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 76/ :40;71
Iulhgpdq/ P1/ 4<::/ Lq dwlrq dqg xqhpsor|phqw/ Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ ;8/ 78407:51
Jludlwlv/ O1/ S1 Nrnrv}nd1 dqg U Ohlsrxv/ 4<<</ Vwdwlrqdu| DUFK prghov=
ghshqghqfh vwuxfwxuh dqg Fhqwudo Olplw Wkhruhp/ Wr dsshdu lq Hfrqrphwulf
Wkhru|1
Jorvwhq/ O1 U1/ Mdjdqqdwkdq/ U1 dqg G1 H1 Uxqnoh/ 4<<6/ Rq wkh uhodwlrq
ehwzhhq wkh h{shfwhg ydoxh dqg wkh yrodwlolw| ri wkh qrplqdo h{fhvv uhwxuq rq
vwrfnv/ Mrxuqdo ri Ilqdqfh/ 8/ 4::<04;341
Julhu/ N1/ P1 Shuu|/ 4<<;/ Rq lq dwlrq dqg lq dwlrq xqfhuwdlqw| lq wkh J:
frxqwulhv/ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 4:/ 9:409;<1
Kdoo/ V1J1/ 4<<4/ Dq dssolfdwlrq ri wkh vwrfkdvwlf JDUFK0lq0phdq prgho wr
ulvn suhpld lq wkh Orqgrq phwdo h{fkdqjh/ Pdqfkhvwhu Vfkrro ri Hfrqrplf dqg
Vrfldo Vwxglhv/ Vxssohphqw/ 8<+3,/ 8:0:41
Kdqvvrq/ E1 dqg S1 Krugdko/ 4<<:/ Fkdqjlqj ulvn suhpld= hylghqfh iurp d
vpdoo rshq hfrqrp|/ Vfdqglqdyldq Mrxuqdo ri Hfrqrplfv/ <<+5,/ 66806831
Kroodqg/ D1 V1/ 4<<8/ Frpphqw rq lq dwlrq uhjlphv dqg wkh vrxufhv ri lq dwlrq
xqfhuwdlqw|/ Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj/ 5:/ ;5:0;6:1
Kxuq/ D1V1/ PfGrqdog D1G1 dqg W1 Prrg|/ 4<<8/ Lq vhdufk ri wlph0ydu|lqj
whup suhpld lq wkh Orqgrq lqwhuedqn pdunhw/ Vfrwwlvk Mrxuqdo ri Srolwlfdo Hfrq0
rp|/ 75/ 48504971
Ndudqdvrv/ P1/ 4<<</ Wkh vhfrqg prphqw dqg wkh dxwrfryduldqfh ixqfwlrq ri
wkh vtxduhg huuruv ri wkh JDUFK prgho/ Mrxuqdo ri Hfrqrphwulfv/ <3/ 960:91
Ndudqdvrv/ P1/ 5333d/ Prghoolqj wkh shuvlvwhqfh dqg yrodwlolw|= Vrph qhz
uhvxowv iru wkh Frpsrqhqw0JDUFK prgho/ Xqsxeolvkhg Plphr/ Ghsduwphqw ri
Hfrqrplfv/ Xqlyhuvlw| ri \run
Ndudqdvrv/ P1/ 5333e/ Suhglfwlrq lq DUPD prghov zlwk JDUFK0lq0phdq
hhfwv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ iruwkfrplqj1
Olqj/ V1/ 4<<</ Rq wkh suredelolvwlf surshuwlhv ri d grxeoh wkuhvkrog DUPD
frqglwlrqdo khwhurvfhgdvwlf prgho/ Wr dsshdu lq Mrxuqdo ri Dssolhg suredelolw|1
Olqj/ V1dqg Z1 N1 Ol/ 4<<:/ Rq iudfwlrqdo lqwhjudwhg dxwruhjuhvvlyh prylqj0
dyhudjh wlph vhulhv prghov zlwk frqglwlrqdoo| khwhurvfhgdvwlflw|/ Mrxuqdo ri Dphu0
lfdq Vwdwlvwlfdo Dvvrfldwlrq/ <5/ 44;7044<71
4<Orqjvwd I1 D1 dqg H1V1 Vfkzduw}/ 4<<5/ Lqwhuhvw udwh yrodwlolw| dqg wkh whup
vwuxfwxuh= d wzr0idfwru jhqhudo htxloleulxp prgho/ Mrxuqdo ri Ilqdqfh/ 7/ 458<0
45;51
Prrvd/ L1 D1 dqg Q1 H1 Do0Orxjkdql/ 4<<7/ Xqeldvgqhvv dqg wlph ydu|lqj ulvn
suhpld lq wkh fuxgh rlo ixwxuhv pdunhw/ Hqhuj| Hfrqrplfv/ 49/ <<04381
Qhuoryh/ P1/ G1 Juhwkhu/ M1 Fduydokr/ 4<:</ Dqdo|vlv ri hfrqrplf wlph vhulhv=
d v|qwkhvlv/ Qhz \run= Dfdghplf Suhvv1
Rnxq/ D1/ 4<:4/ Wkh pludjh ri vwhdg| lq dwlrq/ Eurrnlqjv Sdshuv rq Hfrqrplf
Dfwlylw|/ 5/ 7;807<;1
Sulfh/ V1/ 4<<7/ Djjuhjdwh xqfhuwdlqw|/ iruzdug orrnlqj ehkdylru dqg wkh gh0
pdqg iru pdqxidfwxulqj oderxu lq wkh XN/ R{irug Exoohwlq ri Hfrqrplfv dqg
Vwdwlvwlfv/ 89+6,/ 59:05;61
Vdujhqw/ W1/ 4<;:/ Pdfurhfrqrplf Wkhru|/ Qhz \run= Dfdghplf Suhvv1







Mdutxh0Ehud'   bf dfffo
Fruuhodwlrqv ri E+|  + Fruuhodwlrqv ri E+|  +
2
6  6  6 '  7|@|r|S
4 319:: 319:: 549187 ^31333`
5 31969 3165; 73:1<: ^31333`
6 31897 3143; 88;1:; ^31333`
7 3187; 3145: :34166 ^31333`
8 3188: 31497 ;7<158 ^31333`
9 31888 3144< <<9168 ^31333`
: 31878 313:9 446;19 ^31333`
; 31877 313;: 45;318 ^31333`
< 318<7 31533 478314 ^31333`
43 31883 31345 48<81; ^31333`
44 31869 31339 4:6715 ^31333`
45 31797 0313<7 4;6;15 ^31333`
6  6 6 '  7|@|r|S
4 317:: 317:: 43:174 ^31333`
5 31736 3155; 4;7168 ^31333`
6 31647 313:: 564139 ^31333`
7 31647 3144< 5::1;< ^31333`
8 31688 3149< 66:1:8 ^31333`
9 31667 313;8 6<31;< ^31333`
: 31663 313:< 7751;6 ^31333`
; 315<7 3136; 7;7167 ^31333`
< 31669 3144; 86;186 ^31333`
43 31634 31363 8;5159 ^31333`
44 31567 03138< 93;19; ^31333`
45 31574 31357 9691:6 ^31333`
Qrwhv= Suredelolwlhv duh jlyhq lq eudfnhwv
Wkh Dv|pswrwlf vwdqgdug huuru lv *
s
A 'f feS
Wdeoh 4e=Xqlw urrw whvwv
(S&e+  8,,eoG $ GIEe ' Sb GIE2e ' 2b
,,Rr  eooJ?G  $ SSEe ' bfH SSE2e ' b2
Qrwhv= Wkh whvwv lqfoxgh d frqvwdqw
Rughu ri dxjphqwdwlrq dqg odj wuxqfdwlrq lq sduhqwkhvhv
Fulwlfdo ydoxhv= eD EIc 2H. EDIc 2D. EfI
54Wdeoh 5= DU0JDUFK0P0O hvwlpdwlrq/ 5295 0 52<<
Ghshqghqw yduldeoh lv wkh lq dwlrq udwh
IPrgho  Prgho 2 Prgho  Prgho e Prgho D
e K 31:+43,06 ^3133‘ 319+43,06 ^3133‘ 31;+43,06 ^3133‘ 31;+43,06 ^3133‘ 317+43,06 ^3133‘
e ￿ 3164 ^3133` 318: ^3133` 3194 ^3133` 3193 ^3133` 3166 ^3133`
e 2 314; ^3133`
e ￿ 03134 ^31;<`
e e 3135 ^318<`
e D 3143 ^3133`
e S 313< ^3135`
e . 3134 ^31:<`
e H 3136 ^3183`
e b 3154 ^3133`
e ￿f 3136 ^3176`
e ￿￿ 3138 ^3146`
e ￿2 03136 ^3187` 3148 ^3133` 3144 ^3133` 3146 ^3133` 0313: ^3136`
e 2e 03137 ^315;` 031336 ^31;<` 3136 ^3163` 03144 ^3133`
e B 78<1< ^3133` 43616 ^3135` 6716 ^3169` 31;: ^31<;`
_ 3135 ^3133`
_2 031337 ^3133`
e / 031<+43,0: ^3144‘ 319+43,09 ^3136‘ 31;+43,0: ^3195‘ 318+43,0: ^3195‘ 0314+43,0:^31<4‘
e k 3137 ^3133` 3143 ^3133` 3154 ^3133` 314: ^3133` 3146 ^3133`
e q 31;7 ^3133` 31;7 ^3133` 3196 ^313:` 31;3 ^3133` 31;7 ^3133`
e  315+43,06 ^3133‘ 314+43,07 ^315:‘ 315+43,06 ^3133‘ 317+43,07 ^3133‘ 31:+43,08 ^3173‘
7 0<188 0<186 0<17; 0<179 0<16<
U 0<196 0<195 0<188 0<186 0<18:
-
2
3184 3188 3179 317: 3189
Qrwhv= K lv wkh frqvwdqw whup lq wkh frqglwlrqdo phdq ri wkh surfhvv
wkh *v ghqrwh wkh dxwruhjuhvvlyh sdudphwhuv> B lv wkh lq0phdq hhfw
_ dqg _2 duh 3/ 4 gxpplhv= _'iru ;2:6/ _2'iru 52;9072;9
/ lv wkh frqvwdqw whup lq wkh frqglwlrqdo yduldqfh ri wkh surfhvv
k dqg q ghqrwh wkh JDUFK sdudphwhuv
 fdswxuhv wkh hhfw ri odjjhg lq dwlrq rq lwv frqglwlrqdo yduldqfh
Suredelolwlhv duh jlyhq lq eudfnhwv> wkh I lqglfdwhv wkh vhohfwhg prgho
55Wdeoh 6= Gldjqrvwlfv ri Prgho 4
Dxwrfruuhodwlrqv ri vwdqgdugl}hg uhvlgxdov
2  eDS.Hb  f    2
ffe ffe ff2 ffe ffS ffH ff ff f2 ff ff. ff
Dxwrfruuhodwlrqv ri vwdqgdugl}hg uhvlgxdov vtxduhg
2 e D S .H b  f    2
f2 ff fff ff ffb ffD ff ffe ff ff ff ff2
Dv|pswrwlf vwdqgdug huuru'f fD
Mdutxh0Ehud whvw' Df.d f ffo
Wdeoh 7= Urrwv ri wkh DUPD uhsuhvhqwdwlrq ri Prgho 4
Urrwv Prgxoxv
b￿ ' fHDeb  fH2S fHS2De
b2 ' fHDeb n fH2S fHS2De
b￿ ' f.b.Hb  f2b.e fHSe
be ' f.b.Hb n f2b.e fHSe
bD ' fS.HDD  fDeb fHSDb
bS ' fS.HDD n fDeb fHSDb
b. ' fD2e  fSHbe2 fHSSf2
bH ' fD2e n fSHbe2 fHSSf2
bb ' f.eH  fHfS2S fHSSD2
b￿f ' f.eH n fHfS2S fHSSD2
b￿￿ ' ffS2e  fHSefD fH.fDS
b￿2 ' ffS2e n fHSefD fH.fDS
b￿￿ 'f 2  fHS. fH.2e
b￿e 'f 2 n fHS. fH.2e
b￿D 'f ebb  fHfSe fH.S.
b￿S 'f ebb n fHfSe fH.S.
b￿. 'f DebSS  fSHDe fH..
b￿H 'f DebSS n fSHDe fH..
b￿b 'f .fSfS  fDfS fHH2
b2f 'f .fSfS n fDfS fHH2
b2￿ 'f H22e  f..S fHHfD.
b22 'f H22e n f..S fHHfD.
b2￿ 'f H.fb  b2.S.  f32 fH.DH
b2e 'f H.fb n b2.S.  f32 fH.DH
b2D 'f b.bS fb.bS
56Iljxuh 4d= ljqruh wklv sdjh
57Iljxuh 4e= ljqruh wklv sdjh
58Iljxuh 5= Ljqruh wklv sdjh
59Iljxuh 6= Ljqruh wklv sdjh
5:Dsshqgl{ D= Surri ri Sursrvlwlrq 4
Pxowlso| +516d, e| ￿￿Eu dqg vxevwlwxwh +518d, lqwr +516d, wr jhw
￿￿Eu++Eu+| ' k￿￿E+￿Eu
k
/ n ￿+Eu+| n h ￿￿Eu|
l
nh +0Eu￿￿Eu0| ,
d￿￿Eu++Eu  +￿Eu￿+Euo+| 'd k￿￿E n /+￿Eo n +￿Euh ￿￿Eu|
nh +0Eu￿￿Eu0| +D14,
Pxowlso| +518d, e| ++Eu dqg vxevwlwxwh +516d, lqwr +518d, wr jhw
￿￿Eu++Eu| ' /++En￿+Eu
k
k n +￿Eu| n h +0Eu0|
l
nh ￿￿Eu++Eu| ,




































































+￿c￿+ li o n Rc?W n &W :
k
￿
++c￿￿ li co n R:? W n &W
k
￿
+￿c￿+ li c?W n &W :on R
c












































































￿c^' o n ^
W
Htxdwlrqv +D14,/ +D15, jlyh htxdwlrqv +519d, dqg +51:d, zkhuh
k
W ' ￿￿Ek n +￿E/
/
W ' ++E/ n ￿+Ek
5<D s s h q g l {E =S u r r ir iW k h r u h p4
Wkh FI ri wkh DJI iru wkh lq dwlrq udwh ++| +614d, iroorzv lpphgldwho| iurp
wkh xqlyduldwh DUPD uhsuhvhqwdwlrq ri +| +519d, dqg wkh FI ri wkh DJI ri dq































































D li & 'f














































lqwr +614d, zh jhw +614e,0+614i,1
63Dsshqgl{ F= Surri ri Wkhruhp 6
Wkh FI ri wkh furvv fryduldqfh jhqhudwlqj ixqfwlrq ehwzhhq wkh lq dwlrq udwh ++|
dqg lwv frqglwlrqdo yduldqfh E|/ ht +616d, iroorzv lpphgldwho| iurp wkh xqlyduldwh
DUPD uhsuhvhqwdwlrqv ri +| dqg | +519d/ 51:d, dqg wkh FI ri wkh DJI ri DUPD












































































Xvlqj htxdwlrqv +F16, dqg +F17, lqwr +616d, zh jhw +616e,0+616f,1
64